In this paper, we introduce a new four-parameter generalization of the exponentiated Weibull (EW) distribution, called the exponentiated Weibull-logarithmic (EWL) distribution, which obtained by compounding EW and logarithmic distributions. The new distribution arises on a latent complementary risks scenario, in which the lifetime associated with a particular risk is not observable; rather, we observe only the maximum lifetime value among all risks. The distribution exhibits decreasing, increasing, unimodal and bathtub-shaped hazard rate functions, depending on its parameters and contains several lifetime sub-models such as: generalized exponentiallogarithmic (GEL), complementary Weibull-logarithmic (CWL), complementary exponentiallogarithmic (CEL), exponentiated Rayleigh-logarithmic (ERL) and Rayleigh-logarithmic (RL) distributions. We study various properties of the new distribution and provide numerical examples to show the flexibility and potentiality of the model.
Introduction
In biological and engineering sciences study of length of organisms, devices and materials is of major important. A substantial part of such study is devoted to modeling the lifetime data by a failure distribution. The Weibull and EW distributions are the most commonly used distributions in reliability and life testing. These distributions have several desirable properties and nice physical interpretations. Unfortunately, however, these distributions do not provide a reasonable parametric fit for some practical applications where the underlying hazard functions may be decreasing, unimodal and bathtub-shaped.
Recently, there has been a great interest among statisticians and applied researchers in constructing flexible families of distributions to facilitate better modeling of data. The exponentialgeometric (EG), exponential-Poisson (EP), exponential-logarithmic (EL), exponential-power series (EPS), Weibull-geometric (WG), Weibull-power series (WPS), exponentiated exponentialPoisson (EEP), complementary exponential-geometric (CEG), Poisson-exponential (PE), generalized exponential-power series (GEPS), exponentiated Weibull-geometric (EWG) and exponentiated Weibull-Poisson (EWP) distributions were introduced and studied by Adamidis and Loukas [2] , Kus [24] , Tahmasbi and Rezaei [38] , Chahkandi and Ganjali [11] , Barreto-Souza et al. [8] and Morais and Barreto-Souza [31] , Barreto-Souza and Cribari-Neto [6] , Louzada-Neto et al. [25] , Cancho et al. [10] , Mahmoudi and Jafari [26] , Mahmoudi and Shiran [27] and Mahmoudi and Sepahdar [28] , respectively.
In this paper, we propose a new four-parameters distribution, referred to as the EWL distribution, which contains as special sub-models the generalized exponential-logarithmic (GEL), and inference for large sample are presented in Section 4. In Section 5, we studied some special sub-models of the EWL distribution. Finally, in Section 6, experimental results of the proposed distribution, based on two real data sets, are illustrated.
The proposed distribution
Suppose that the random variable X has the EW distribution where its cdf and pdf are given by F X (x) = 1 − e −(βx) γ α ,
and f X (x) = αγβ γ x γ−1 e −(βx) γ 1 − e
respectively, where x > 0, α > 0, β > 0 and γ > 0. Given N , let X 1 , · · · , X N be independent and identify distributed random variables from EW distribution. Let N is distributed according to the logarithmic distribution with pdf
Let Y = max(X 1 , · · · , X N ), then the conditional cdf of Y |N = n is given by
which is a EW distribution with parameters nα, β, γ. The EWL distribution that is defined by the marginal cdf of Y , is given by
The pdf of EWL, denoted by EWL(α, β, γ, θ), is given by
The graphs of EWL probability density function are displayed in Fig. 1 for selected parameter values.
Properties of the distribution
The probability density function of EWL distribution, which is given in (5), tending to zero as y → ∞. The EWL leads to EW distribution as θ → 0. The following values of the parameters α, β, γ and θ are of particular interest: (i) γ = 1, EWL reduces to GEL, which introduced and examined by Mahmoudi and Jafari [26] ; (ii) α = 1, EWL reduces to CWL; (iii) α = γ = 1, EWL reduces to CEL, our approach here is complementary to that of Tahmasbi and
Rezaei [38] in the sense that they consider the distribution min(X 1 , X 2 ..., X N ) while we deal with max(X 1 , X 2 ..., X N ); (iv) α = 1 and θ → 0, EWL reduces to Weibull; (v) γ = 1 and θ → 0, EWL reduces to GE.
Quantiles and moments of the EWP distribution
The ξth quantile of the EWL distribution, which is used for data generation from the EWL, is given by Now we obtain the moment generating function (mgf) and kth order moment of EWL distribution, since some of the most important features and characteristics such as tending, dispersion, skewness and kurtosis can be studied through these quantities. For a random variable Y with EWL distribution the mgf is given by
M Y (t) in (7) can be used to obtain the kth order moment of EWL distribution. We have
Proposition 1. The random variable Y with pdf given by (5) has mean and variance given, respectively, by
and
where E(Y ) is given in Eq. (9).
The survival, hazard and mean residual life functions
Using (4) and (5), survival function (also known as reliability function) and hazard function (also known as failure rate function) of the EWL distribution are given, respectively, by
Proposition 2. The limiting behavior of hazard function of EWL distribution in (12) is
and lim y→∞ h(y) = 0.
(
and lim y→∞ h(y) = β.
(iii) for γ > 1, lim y→0 h(y) = 0, for each value α > 0 and lim y→∞ h(y) = ∞.
Proof. The proof is a forward calculation and is omitted.
The graphs of hazard rate function of EWL distribution for β = 1 and various values α, γ and θ are displayed in Fig. 2 .
Given that a component survives up to time t ≥ 0, the residual life is the period beyond t is well known that the MRL function and ratio of two consecutive moments of residual life determine the distribution uniquely (Gupta and Gupta, [19] ).
In what seen this onwards we use the equations
where Φ(s; t) = ∞ t x s−1 e −x dx is the upper incomplete gamma function and γ(s; t) = t 0 x s−1 e −x dx is the lower incomplete gamma function. The rth order moment of the residual life of the EWL distribution, which is obtain via the general formula
where S(t) is the survival function, is given by
where S(t) (the survival function of Y ) is given in (11) .
The MRL function of EWL obtain by setting r = 1 in Eq. (13) . MRL function as well as failure rate function is very important since each of them can be used to determine a unique corresponding life time distribution. Life times can exhibit IMRL (increasing MRL) or DMRL
(decreasing MRL). MRL functions that first decreases (increases) and then increases (decreases)
are usually called bathtub (upside-down bathtub) shaped, BMRL (UMRL).
Theorem 1. The MRL function of the EWL distribution is given by
The variance of the residual life of the EWL distribution can be obtained easily using m 2 (t) and
On the other hand, the reversed residual life can be defined as the conditional random variable t − X|X ≤ t which denotes the time elapsed from the failure of a component given that its life is less than or equal to t. This random variable may also be called the inactivity time (or time since failure); for more details one can see Kundu and Nanda (2010) and Nanda et al., (2003) .
Using (5) and (11), the reversed failure (or reversed hazard) rate function of the EWL is given by
The rth order moment of the reversed residual life can be obtained by the well known formula
hence,
The mean and second moment of the reversed residual life of the EWL distribution can be obtained by setting r = 1, 2 in (15). Also, using µ 1 (t) and µ 1 (t) we obtain the variance of the reversed residual life of the EWL distribution.
Mean deviations from the mean and median
The amount of scatter in a population can be measured by the totality of deviations from the mean and median. The mean deviation from the mean is a robust statistic, being more resilient to outliers in a data set than the standard deviation. The mean deviation from the median is a measure of statistical dispersion. It is a more robust estimator of scale than the sample variance or standard deviation.
For a random variable X with pdf f (x), cdf F (x), mean µ = E(X) and M = M edian(X),
the mean deviation about the mean and the mean deviation about the median are defined by
respectively, where
Theorem 2. The Mean deviations function of the EWL distribution are
where µ is given in (9) and M is obtained by setting ξ = .5 in (6).
Bonferroni and Lorenz curves
The Bonferroni and Lorenz curves and Gini index have many applications not only in economics to study income and poverty, but also in other fields like reliability, medicine and insurance. The most remarkable property of the Bonferroni index is that it overweights income transfers among the poor, and the weights are higher the lower the transfers occur on the income distribution. Hence, it is a good measure of inequality when changes in the living standards of the poor are concerned. There are many problems especially in labor economics that fall into this category. Using a version of the assignment model, we show that the Bonferroni index can be formulated endogenously within a mechanism featuring efficient assignment of workers to firms. This formulation is useful in evaluating the interactions between the distribution of skills and earnings inequality with a special emphasis on the lower tail of the earnings distribution. Moreover, it allows us to think about earnings inequality by separately analyzing the contribution of each economic parameter.
The Bonferroni curve B F [F (x)] is given by
The Bonferroni and Lorenz curves of the EWL distribution are given, respectively, by
where µ is the mean of EWL distribution.
The scaled total time on test transform of a distribution function F is defined by
If F (t) denotes the cdf of EWL distribution then
The cumulative total time can be obtained by using formula C F = 1 0 S F [F (t)]f (t)dt and the Gini index can be derived from the relationship G = 1 − C F .
Rényi and Shannon entropies of the EWL distribution
Entropy has been used in various situations in science and engineering. The entropy of a random variable Y is a measure of variation of the uncertainty. Statistical entropy is a probabilistic measure of uncertainty or ignorance about the outcome of a random experiment, and is a measure of a reduction in that uncertainty. Numerous entropy and information indices, among them the Rényi entropy, have been developed and used in various disciplines and contexts.
For a random variable with the pdf f , the Rényi entropy is defined by
for r > 0 and r = 1. Using the power series expansion (1 − z) α = ∞ 0 (−1) j α j z j and change of variable (βy) γ = u, we have
Thus, according to definition (16) , the Rényi entropy of EWL distribution is given by
The Shannon entropy is defined by E [− log(f (Y ))]. This is a special case derived from lim r→1 I R (r).
Estimation and inference
In this section, we discuss the estimation of the parameters of EWL distribution. Let
n be a random sample with observed values y 1 , y 2 , · · · , y n from a EWL distribution with parameters α, β, γ and θ. Let Θ = (α, β, γ, θ) T be the parameter vector. The total log-likelihood function is given by l n ≡ l n (y; Θ) = n log α + n log θ + n log γ + nγ log β + (γ − 1)
The associated score function is given by U n (Θ) = (∂l n /∂α, ∂l n /∂β, ∂l n /∂γ, ∂l n /∂θ) T , where The likelihood ratio (LR) statistic is useful for comparing the EWL distribution with some of its special sub-models. We consider the partition η = (η T 1 , η T 1 ) T of the EWL distribution, where η 1 is a subset of parameters of interest and η 2 is a subset of the remaining parameters.
The LR statistic for testing the null hypothesis H 0 : η 1 = η (0) 1 versus the alternative hypothesis
1 is given by w = 2{ℓ(η) − ℓ(η)}, whereη andη are the MLEs under the null and alternative hypotheses, respectively. The statistic w is asymptotically (as n → ∞) distributed as χ 2 k , where k is the dimension of the subset η 1 of interest.
EM Algorithm
The MLEs of the parameters α, β, γ and θ in previous section must be derived numerically.
Newton-Raphson algorithm is one of the standard methods to determine the MLEs of the parameters. To employ the algorithm, second derivatives of the log-likelihood are required for all iterations. The EM algorithm is a very powerful tool in handling the incomplete data problem (Dempster et al., [14] ; McLachlan and Krishnan, [29] ).
Let the complete-data be Y 1 , · · · , Y n with observed values y 1 , · · · , y n and the hypothetical ran-
The joint probability density function is such that the marginal density of Y 1 , · · · , Y n is the likelihood of interest. Then, we define a hypothetical complete-data distribution for each (Y i , Z i ) i = 1, · · · , n, with a joint probability density function in the form
where Θ = (α, β, γ, θ), y > 0 and z ∈ N.
Under the formulation, the E-step of an EM cycle requires the expectation of (Z|Y ; Θ (r) ) where
is the current estimate (in the rth iteration) of Θ.
The pdf of Z given Y , say g(z|y) is given by
and its expected value is
The EM cycle is completed with the M-step by using the maximum likelihood estimation over Θ, with the missing Z's replaced by their conditional expectations given above.
The log-likelihood for the complete-data is
The components of the score function U * n (Θ) = (
From a nonlinear system of equations U * n (Θ) = 0, we obtain the iterative procedure of the EM algorithm aŝ
whereα (t+1) ,β (t+1) andθ (t+1) are found numerically. Hence, for i = 1, · · · , n, we have
Sub-models of the EWL distribution
The EWL distribution contains some sub-models for the special values of parameters α, β and γ. Some of these distributions are discussed here in details.
The CWL distribution
The CWL distribution is a special case of the EWL distribution for α = 1. The pdf, cdf and hazard rate function of the CWL distribution are given, respectively by
According to Eq. (9) the mean of the CWL distribution is given by
One can obtain the Weibull distribution from the CWL distribution by taking θ to be close to
The GEL distribution
The GEL distribution is a special case of EWL distribution, obtain by putting γ = 1. This distribution is introduced and analyzed by Mahmoudi and Jafari [26] . The pdf, cdf and hazard rate function of the GEL distribution are given, respectively by
According to Eq. (9), the mean of the GEL distribution is given by
The CEL distribution
The CEL distribution is a special case of the EWL distribution for γ = α = 1. Our approach here is complementary to that of Tahmasbi and Rezaei [38] in the sense that they consider the distribution Y = min(X 1 , X 2 ..., X N ) while we deal with Y = max(X 1 , X 2 ..., X N ).
The pdf, cdf and hazard rate function of the CEL distribution are given, respectively by
According to Eq. (9), the mean of CEL distribution is given by
Applications of EWL distribution to lifetime data
To show the superiority of the EWG distribution, we compare the results of fitting this distribution to some of theirs sub-models such as WG, EW, GE and Weibull distributions, using two real data sets. The required numerical evaluations are implemented using the R softwares.
The empirical scaled TTT transform (Aarset, [1] ) and Kaplan-Meier curve can be used to identify the shape of the hazard function. The first data set is given by Birnbaum and Saunders (1969) on the fatigue life of 6061-T6 aluminum coupons cut parallel with the direction of rolling and oscillated at 18 cycles per second. The data set consists of 101 observations with maximum stress per cycle 31,000 psi.
The TTT plot and Kaplan-Meier curve for two series data in Fig. 3 shows an increasing hazard rate function and, therefore, indicates that appropriateness of the EWG distribution to fit these data. Table 1 We apply the Arderson-Darling (AD) and Cramer-von Mises (CM) statistics, in order to verify which distribution fits better to this data. The AD and CM test statistics are described in details in Chen and Balakrishnan [12] . In general, the smaller the values of AD and CM, the better the fit to the data. According to these statistics in Table 1 , the EWG distribution fit the first data set better than the others. For illustrative purpose, we will be considering the single fibers of 10 mm in gauge length, with sample sizes n=63. This data was reported by Badar and Priest [4] .
The MLEs of the parameters, the values of K-S statistic, p-value, -2log(L), AIC, AD and CM of the second data set are listed in Table 2 . From these values, we note that the EWG model is better than the WG, EW, GE and Weibull distributions in terms of fitting to this data. Table 2 show that the EWG distribution gives the better fit to the second data set than EW distribution.
Plots of the estimated cdf and pdf function of the EWG,WG, EW, GE and Weibull models fitted to these two data sets corresponding to Tables 1 and 2 are given in Fig. 4 . These plots suggest that the EWG distribution is superior to the WG, EW, GE and Weibull distributions in fitting these two data sets.
Conclusion
We propose a new four-parameter distribution, referred to as the EWG distribution which contains as special sub-models the generalized exponential-geometric (GEG), complementary
Weibull-geometric (CWG), complementary exponential-geometric (CEG), exponentiated Rayleighgeometric (ERG) and Rayleigh-geometric (RG) distributions. The hazard function of the EWG distribution can be decreasing, increasing, bathtub-shaped and unimodal. Several properties of the EWG distribution such as quantiles and moments, maximum likelihood estimation procedure via an EM-algorithm, Rényi and Shannon entropies, moments of order statistics, residual life function and probability weighted moments are studied. Finally, we fitted EWG model to two real data sets to show the potential of the new proposed distribution.
